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1 Introduction 


Geometric Measure Theory is a branch of Mathematics that deals with the study 
of geometric properties of sets and functions. 


It was introduced by mathematicians such as Federer, Ambrosio, and Kirch- 
heim in the late 20th century and has since become an important tool in many 
areas of mathematics, including analysis, geometry, topology, and probability. 


The main goal of geometric measure theory is to understand the structure 
and behavior of sets with complicated geometries, such as fractals, and to pro- 
vide a rigorous foundation for various physical phenomena, such as the behavior 
of fluids, the formation of crystals, and the properties of surfaces. This field has 
applications in many areas of science and engineering, including materials sci- 
ence, computer vision, and signal processing. 


In 1960, Herbert Federer and Wendell Fleming made a significant contri- 
bution to the field of mathematics by solving the orientable Plateau’s problem 
using the theory of currents. This analytical solution did not have any topolog- 
ical restrictions, which was a major breakthrough in the field. 


In this paper, the discussion will focus on some fundamental concepts within 
the field, culminating in a key result known as the area formula. 
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2 Hausdorff Measure 
2.1 Definition 


Let A CR" ,0<s<w,0<d<a@ 


Ha) = ws | a(s) (“o*) :AC UA, tinm a <6] 
i=1 i=1 


Where 
H*(A) is called Hausdorff Measure. 


2.2 Properties 
2.2.1 A Borel Regular Measure 
Proposition 1. Hausdorff Measure is a Borel regular Measure 


Proof. First Step: to prove the function we have defined is really a measure 
we need to prove the sub-additivity property of measures. It is obvious that 
H*(0) =0. Let AC U2, A; and from then from (def 1.1), for each i we have: 


F; i 
= inf dal ) (nea) : Aj Cc U Fy, diam Fy; < é6 5 


= j=l 


then we have for some {F;,;}; such that A; C Uj Fi j 


Therefore, 


It follows that if we choose any bijection ¢: N > N?, then 


Ss a(s) (re) < 2D Hi(A;) +¢ 


i=1 


Since 2 - 
AcUAac U Ay, 
i=l j=l 
then: s a 
H3(A) < J a(s) (are) < So Hi(Ai) + 


By letting 6 > 0 


Thus H* is an measure. 
Second Step: We now prove it is a Borel measure. 


We introduce Caratheodory’s Criterion): 


let 4 be a measure on R”, then u is a Borel measure <— > pw(AU B) 


p(A) + u(B) whenever dist(A, B) > 0 


let be a measure on R”, then u is a Borel measure <— > pw(AU B) 


p(A) + p(B) whenever dist(A, B) > 0 


So it is sufficient to prove H*(AUB) = H*(A)+H*(B) , whenever dist(A, B) > 0 


Assume dist(A, B) = 6 > 0, and we have some covering of AU B such that 
AUBC beara: such that diam(F;) < 4 for all i,j so F, NF; = ¢ for each 


iAjandif ANF; 4¢o — BNF, =¢ 


5 0, H*(AUB) > H*(A) + H°(B) 


So we finally have: 


H®(AU B) = H°(A) + H°(B) 


Thus H°% is a Borel measure. 


Third step: The remaining part is to prove that it is Borel regular, so the next 
step is to prove the following statement: 


For every A C R” there exists a Borel set (call it B) such that A C B and 
H*(A) = H*(B). 


Assume we have A C R” such that H*(A) < co 


It is straight forward that for any set F C R”, diam(F) = diam(F), where F 
is the closure of F’. 


s . ~ diam FF i Eos = oy A 
H(A) =ne | 9) (“=") :AC L FY, diam F; <} 


i=l 


Tking B= ()\2 4 Be 


Hi (B) < HY (A) 


s 
a 
k 


Taking k + oo , H*(B) < H*(A) which implies directly that: 


H®(A) = H°(B) 


2.2.2 H° is a counting measure 
Proposition 2. H°(A) counts the number of elements in A 
Proof. If A consists of n elements {x;}, we can take a finite disjoint covering 
such that each element is contained in a ball B(2;; 6) 
From the definition of Hausdorff Measure we have: 


0 n 


H(A) < Y=, a(0 ) (S*) Se ae 


We can see that the right side counts the number of covering sets we use, it’s 
obvious that the elements for small 6 covered by disjoint covering, so we can 
not have smaller than n. 


If A is an infinite set, we take some finite subsets of it {A;} such that #(A;) =7 
we obviously have for all i ¢ N 
i = H°(A;) < H°(A) 
We get H°(A) = co 


2.2.3. Lipschitz Functions 
Definition 1. The function f: E C R" — R™ is said to be Lipschitz on E if 
and only if it satisfies the following inequality: 

If(y) — fla)| < Cly — | 


For some constant C € R* for all x,y € E 


The infimum of the set of constants C' is the Lipschitz constant and denoted 
by lip(£; B) 
If E = R” we simply write lip(f) for the Lipschitz constant 


Proposition 3. If f : R" — R™ is a Lipschitz function on R” and A C R” 
then we have: 


HY (f(A)) S (lip(f))° (A) 


Proof. For each cover {F;}92, for A, f(A) is covered by {f(F;)}%, and obvi- 
ously diam(f(F;)) < (lip(f))diam(F;) For each 7 , we get: 


= diam i = (lip(f))diam F; 
Higa) Sols ) (a <Srals ) (Seen) 
i=0 


Flin sys(F(A)) S ip f))° 5 (A) 
Finally, take 6 > 0 we get the desired inequality: 


HY (f(A)) S (lip(f))° (A) 


224. Has 
Proposition 4. H! = £1 on R! 


Proof. Assume AC R 


£1 (A) = inf {3 diam(F;): AC U n| < 


int {Yanna :AC UF diam(F;) < ‘| = H}(A) 


t=1 


So we have £1(A) < H!(A) 


For some cover {F;}92,if we have some sets of the cover where diam(F;) > 6, 
we can cut each set of these into finite number of sets such that diam(F;) = 
Yi, diam(Fj,i), diam(Fj,i) < 6 


So we can assume we have : 


L(A) +e> dante) = y diam(F);) > H(A) 


i=1 ji=l 
Which directly implies: 
@1(A) > H(A) 


2.2.5 H1() = Length(L) 
Proposition 5. [fT a curve in R” then H\(L) = Length(T) 
Proof. Let y : [0,a] + R” be a parametrization of the curve I. 
Length(P) = sup (S0y-4 ly(ai41) — ¥(@a)| 1 0 = a1 < a2 < a3 < ++) < an =a,n EN} 


Let P : R” — R” be the projection of R” onto the line connecting the two 
points 7(0), 7(a) 


Since |P(x) — P(y)| < | — yJ, it is Lipschitz. 
So we have H'(P(A)) < H1(A) for any set A C R” 
Then H1(P(T)) < H'(L). 


And it also obvious that P(T) contains the segment [7(0),y(a)] due to the 
continuity of 7: 


ly(a) — ¥(0)| < H*([7(0), y(@)]) < H*(PO)) < ANP) 


Also ¥({a;,@:41]) is compact due to the continuity of y, so it is Ht measurable 
set. 


Let T; = ¥((a:, ai41]), so [= er IT; and HAT; VT i41) = A ({aj41}) = 0 


n 


S" ly(ait1) — ¥(ai)| < Aes) = H*(T) 


i=1 
Which means: 
Length(l) < H'(T) 


We have now to prove the other side of the inequality. 


There exists a continuous injective map 7* : [0, Length(T)| ~ R” which its 
existence is proven easily in Differential Geometry, this map y(J) determines 
where on the curve the length to that point equals | 


From the definition of Length we can see that |y*(l,) — y*(l2)| < |r — dy| (it is 
lipschitz with lip(y*) < 1), so we get : 


H'(L) = H'(y*([0, Length(1)])) < H*((0, Length(T)]) = Length(T) 
Finally we have: 


Length(l) = H'() 


2.3. Hausdorff Dimension 
Proposition 6. For s < t < oo, if H*(A) < o then H' =0 


Proof. As H*(A) < oo, there exists some covering {F;}92, where diam(F;) < 6 


for each 7 such that: 
diam F; 7 
a(s) 5 < oo 


& 
& 
NS i 
S iM 


Let c= 032, a(s) (4 


Then we have: 


H5(A) < Salo (“omni = Sale) (Amey ea 


1=0 i=0 
_ diam F; = os 
< Yas) (A) (aye = ayre 
i=0 
where t— s > 0, let 6 > 0 
H'(A) =0 


Corollary 1. For s <t < ov, if H*(A) > 0 then H'(A) = co 


2.3.1 Definition 
The Hausdorff Dimension for a set A C R” is defined by: 
Haim (A) = inf{s : H*(A) = 0} 


From the Corollary, we also have: 


Haim(A) = sup{s : H*(A) = co} 


2.3.2 Cantor Set 


Figure 1: 
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Definition 2. 


A Cantor set is a set of points on a line segment made by removing the mid- 
dle third of some interval (say we have [0,1] as our interval, we remove (4, 3)) 
then removing the third middle of both of intervals resulted in the previous step, 
and continuing inductively in an infinite number of steps. 


log(2) 


Proposition 7. Let F' be a cantor set, then dim(F) = 1083) 


Proof. Without loss of generality, assume our interval is [0,1]. 


If0 < H*(F) < o, s is directly is dim(F). Let s = log, 2 we will prove that 


1 
s <a 
9st1 aay (F) — 9s 


Step one: At any step of the steps illustrated in (Fig 1.) we can see that 
the intervals covers the set F’. At step C,,, we have 2” intervals of length ra 


From the definition of Hausdorff measure we have: 
H3-a(F) < a(s)2""*3"°*" = a(s)2-* 
Let n — oo we get: 


H®(F) <a(s)2-° 


Step two: Sue to the compactness of the Cantor set, every open cover of it 
has finite subcover. 
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Assume the the finite set {U;} of open intervals covers our set such that for 


each 7 we have on < |Ui| < zr At C; step, we have 2! intervals of length a 


and the minimum space between two intervals is also 3;. 


Assume j is large such that 3; < |Uj| for all i. The maximum number of 
intervals of step C; that U; for some i covers is 2/~? = 2/378" < 2738|Uj|° 


We can easily deduce from the previous inequality that if {U;} covers the 27 
interval at step Cj, then: 


BI I3 Se || 


par sa (SY) 


And that is true for any cover as the inequality does not depend on j. 


3 Measures Differentiation 
B(a;r) = {y: |x—y| <r} is the closed ball centred at x, Br denotes for B(0; R) 


3.1 Definition 


For p,v Radon measures] on R”, the upper and lower derivatives of w with 
respect to v at some point x € R” are defined by: 


u(B(x;r)) 

DUE) ESOP (a 19) 
Sood BP) 

D(y,v,2) = limint ey 


If both upper and lower derivates are equal, we say py is differentiable with 
respect to v and we define the derivative by: 


Ss EPH A gto 
D(p, 0,4) = Dp, 0,2) = D(u,v, ©) hes v(B(a;r)) 
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3.2 Essential Theorems 


Proposition 8. For y,v Radon measures, if D(u,v, x) exists, it is p- measurable 
function 


Proof. We will prove that f(a) = u(B(x;r)) is upper continuous function and 
the same will apply for v(B(a;r)). 


By Baire’s theorem on semi-continuous functions, 1, ,,,) is upper 
continuos, therefore we have: 
lim sup 1B(ensr) < 1B(a:r) 
noo 


We have for such large n: 1p (2,,.r) < 1B(e;2r), 80 by reverse Fatou’s Theorem: 


lim sup f (an) = lim sup 1B(xn:r) < [rimsup 1B(xn:r) < [ee = f(x) 
noo 


n—->co n—->co 


Also from Baire’s theorem on semi-continuous functions we can easily 
conclude that semi-continuous functions are measurable with respect to Borel 
measures. 


Limit of measurable functions is measurable, so D(, v, x) = lim;+o aera 


is measurable. 
| 


Proposition 9. Let and v be Radon measures 
e if0<t<co and Ac R” 


1. If D(p,v,x) <t for all x € A, then (A) < tu(A) 
2. If D(u,v, x) >t for all x € A, then p(A) > tu(A) 


e D(p,v,x) exists and is finite v-a.e. 


Proof. First Step: D(,v,x) = lim,;50 nee <t 


As v are Radon measures, there exists open set U such that A C U and 
u(U) <e€+v(A) 


For x € A,0<r<r(xz,e) we have B(x;r) CU and: 
< (t+e) 


w(B(aazr)) < (t+ )o(B(aisr)) 
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From Vitali Covering Theorem), There exists a set of pairwise disjoint 
balls {B;} such that A CU) B; C U and satisfying the previous relation: 


(Bi) < (t+ €)o(Bi) 


u(A) S > H(Bi) < (t+ 6) }) (Bi) < (t+ )vU) < (t+ )(€ + v(A)) 


a 
Taking intersection of sets satisfying the previous relation for « + 0 


L(A) < to(A) 


The same for the second inequality. 
Second Step: For0<r<o,0<s<t<ow 


Ast = {x € Br: D(p,v, 2) <8 <t < D(p,v,2)} 


is the set where D(j:,v,x) does not exist. 
We have the following two inequalities: 


U(As,t) < s v(As.t) 


tu(Ag 4) < U(As.t) 


Combining these two inequalities, we get: 


t v(Ast) <8 v(As.t) 
But that can happen only if v(A,) = 0, which means D(, v, x) exists v a.e. 


Define A, = {x € Br: D(p,v, 2) > r} 
H(A,) 2r v(A,) 
As A, is bounded, (A,) can’t equal oo, therefore v(A,) + 0 as r > 00 


So it is finite v a.e. 
| 


Definition 3. The measure ys is said to be absolutely continuous with respect 
to v (which is denoted by 1 << v), provided v(A) = 0 implies (A) = 0 


Proposition 10. /f v,u are Radon measures such that uw << v and A is v- 
measurable set, we have: 


p(A) = a D(4s,0,0)dv 
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Proof. Let 0<t<1,meéZ, By ={x€ A:t™t! < D(p,v, 2) < t™} 


By is both v— measurable and z— measurable 
From the previous proposition, we have: 


trl Ba)< Ba) UB) 


I, 


D(p,v,2)du < | t™dv = t™ v(By) 
B 


m 


ro(Bn) < D(p, v, x)dv 
Bm 


we get : 
HBr) SAB) < Ff Din v.2)dv 
and . 
‘ff D(p,v,x2)du < u(Bm) 
Letting t + 1~ we get: - 


| D(1i,v,2)dv = ps Br) 
DS En 


As {B,,} is countable ~— measurable sets, we can have disjoint measurable 
sets C;, such that L) Bm = B = Am by simple steps. 


Co 


a i D(p,v, x)dv = S- U(Cm) 


m>=—Cco m>=—Cco 


| Pluse.e)de = u(B) 
B 


From the previous proposition, A— B= A,4U Aso 


As v(Asz) =0, W(As,t) = 
As (Aso) = 0, H(Aco) = 


| Pvc) = | D(u,v,x)dv 
A BUAs,tU Ace 


=f Diexdo+ f Diwv,2)do+ f D(u,v,2)dv 
B Ast Aco 


=f Diw.v.a)dv +040 = p(B) = nA B) + H(A) = pA) 
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Proposition 11. Let v be a Radon measure on R", and f be positive integrable 
function with respect to the measure v, then we have: 


; 1 _ 
1 BG tren ORO ALO 


For v-— a.w. y € R” 


Proof. Let u(B) = J, f(«)dv(«) for v— measurable set B 


But the integral is not defined for non-measurable sets and we want to define 
p to be Radon measure. 
To achieve this goal, define: 


p(A) = inf{u(B): AC B, B is borel set} 


It is a Radon measure due to the definition of integral. 


Which is obviously proper definition for our purpose. 


i ae x)dv(x) = ee) v 
rb BGT) haat! eis aay ee 


It’s clear that 4 << v. From the previous proposition, we get for v— mea- 
surable set A: 


wA)= f Diwrayde= f fe\av(e) 


Which implies D(p,v, x) = f(a), v- a.w. 
Therefore, we directly have the requested equality. 
| 


Corollary 2. If is a Borel regular measure, then lim; ae = 1 for 
U a p-measurable set andx € U a.w. 


Proof. Using Proposition 13. such that f =1y and v= yu a 


Definition 4. A Borel regular measure js on a metric space X is said to be 
uniformly distributed if: 


0 < w(B(a;r)) = u(Biy;r)) < co 
for alla,yeE X and0<r<ow 
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Proposition 12. Jf 4 and v are uniformly distributed Borel regular measures 
on R”, then there exists a constant c such that v = cu 


Proof. From Corollary 2., for A a Borel set and x € A a.w. we have: 


_ v(AN B(a;r)) 
WA) = fim eG 


Using Fatou’s Theorem (1). 


1 1 
< . . . [me 7 ] os vac 
< lim inf BG) ) ay v(ANB(a;1r))du(ax) lim inf (Blan) a , lp(a;r)(y)dudu 


Using Fubini’s Theorem!!); 


1 1 
= lim inf ———_ 1B(e: A ay 
imin eed B(x:r)(y)dpdv = lim in eee 1 B(y;r)(«)dudv 


As if y € B(a;r) , we also know x € B(y;r) 


= lim inf Baa iE L(B(y;r))dv(a) = lim inf wee 


If we set c = liminf,_,o © er and this limit does not depend on z, so it 


exists and does not equal 0 


We can get the other side of the inequality by the same steps starting with 
v(A) 


That obviously proves the requested result v = cu 


Corollary 3. H” = cL”, for some constant c 
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4 H?= 
4.1 £"(B(x;r)) 
Proposition 13. For n-dimensional ball B(x;r), we have £"(B(a;r)) = a(n)r™ 


Proof. this can be proved directly by induction from the following integration: 


£"(B"(0:1)) = | it 


dz = / 
B”(0;1) vi +a3+a34---+02 <1 


-1 
=| it ae= | B"~* (0; /1 — «2)dax 
x2 <1 Jatt+a3+e3+--+22_)<1-22 a2 <1 


=1 


1 - 1 = 
=a(n-1) [ (= 23)"F? dey = 2a(n—1) f Geog the dee 
0 


The last integral is in the integral form of the beta function if we interchange 
the variable y = x?: 


= sain) f=) FPy bay = ln NB 5) 
ree yr() _ PVA 
=a(n—1) T(2 +1) =a(n-—1) T@+) = a(n) 


4.2 Steiner Symmetrization 


Definition 5. For Fixed u € R”, such that |u| = 1, and for A Cc R”, we define 
Steiner Symmetrization of A with respect to the plane P,, C R"~+ through the 
origin which is perpendicular to the vector u by: 


i 
SU Ay= U {b+tu: |t| < sH(AN Ly} 
be P, 
ANLE AO 


such that L} denotes the line connecting u and b 
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Figure 2: 


Proposition 14. For AC R” 

e diam(S,(A)) < diam(A) 

e If A is £" measurable then, £"(S,(A)) = £"(A) 
Proof. Step one: Assume A is a closed set 


From the definition of diameter of a set, we have x,y € S,,(A) such that: 


diam(S,,(A)) < ||a — y|| + € 


Assume x = 6+t,u and y=a+tou 


[diam(S,(A))|? < |la — yll? +5 = (a — b)? + (ty — te)? +6 


(a — b)? + (|t1| + |t2|)? +4 < (a — 6)? 4 [GHMAN LY) + SHAN LYE +6 


Let M, = max{t:a+tue AN LY} and mz = min{t:a+tue AN Li} 
Also, Mp = max{t: b+ tue AN Li} and m, = min{t:b+tu € AN Li} 
From the definition of Hausdorff measure, we have: 


H'(AN LY) = M,—m, "From 2.2.5” 
We get: 


[diam(S,(A))]}? — 6 < (a— 6)? + [ 


1 
Ma - ™a) 4 5 (Mp m)|* 
Assume without loss of generality, Ma — my < My — ma : 
[diam(S,,(A))]? — 6 < (a — b)? + [(Ma — ms)]? 
= ([at+ Mau] — [b+ myu])? < (diam(A))? 
from the arbitrariness of 6 we get the desired inequality 


Step two: As Lesbegue measure does not change under rotations, we can 
assume u = e, one of the fundamental coordinates in the euclidean space. 


So we can write a+ te, =: (a,t) such that ae R"~! 
Let 


A, = {t:(a,t)E A} CR 


From Fubini’s Theorem, A, is Lesbegue measurable, and from (2.2.4) 
and (2.2.5): 


2"(A) = | 21(A,)de = H'(A,)dx = H1(AN L")dx 
Rr-1 Rr-1 Rr-1 
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4.3. Isodiametric Inequality 
The next proposition is what is called ” The Isodiametric Inequality” 


Proposition 15. For AC R”: 


Proof. Assume A is closed set. 


Let A; = S.,(A) and for l <<k <n, Aggi = 8S. Arg) 


epeatk 


First step: we will prove by induction that A, is symmetric about the 
origin. 


1. for Aj, it is obvious that it is symmetric with respect to P., 
2. Assume A; is symmetric with respect to P., forl <j <k 


3. let S; : R” + R” be the reflection through P.,, for 1 <j <k 
As A; is symmetric for P.,: 


ANAL OL") = H(A, Le) 


From the definition of the Steiner symmetrization: 


{t 1a@+ tegqi € Dex (Ax)} = {t : S;(a) + tek41 € Sexy1(Ak)} 


Therefore, Ay,41 is symmetric with respect to Lae 
Therefore, A,, is symmetric about the origin. 


Step two: From the symmetry, A, C B (0; tamtcte) 


We can apply proposition 15: 


£"(A) = L"(An) < a(n) (ne) < a(n) (a) 


For A which is not closed, we can work with the closure such that 
£"(A) < £"(A) 


And work with the closure in the same way. 
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4.4 Proof Of Equality 
Proposition 16. H” = £”" on R” 


Proof. Step one: Let A C U%,C;, and for each i, we have diam(C;) < 6 


4y<S2"(0,) 


From the isodiametric inequality: 


That directly implies: 
£"(A) < H3(A) < H"(A) 
From Corollary 3, we deduced that: 
HY = es" 


So from that, the constant c > 1 


Step two: For open set U C R”, we can use Vitali’s Covering Theorem: 


L"(U a U;B;) = A"(U = U;B;) = AS(U = U;B;) 


=0 


where U;B; C U, {B;} are pairwise disjoint and for each i diam(B;) < 6 


a diam(B n 
U) = SABE) < a(n) (SY ay =e 
And that makes H"(U) < £"(U), which means c < 1 


Therefore, c= 1 and H” = £” 
Corollary 4. Haim(R") =n 
Proof. for each n-dimensional ball B"(2;r), H"(B"(x;r)) 


= L"(B(a; 


r)) 


r™a(n) < oo, so for m > n we get H™(B(zx;r)) = 0, which obviously means 


H™(R”") =0 as R” is the countable union of such balls. 
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5 Rademacher’s Theorem 


5.1 Proof of the theorem 
Definition 6. f : R” — R”™ is said to be differentiable at « € R” if there is a 
linear function L: R” + R™ such that: 

fan |S@—L@)-Ly-2)| _, 

your y—-x 


And this linear function L is the derivative of f and is denoted by D(f) 


Proposition 17. If f : R° > R™ is a lipschitz function, it is differentiable 
£”-almost every where. 


Proof. First step: let’s assume n,m = 1: 


If f is a lipschitz function then it is of bouneded variation which implies that 
f can be expressed as the difference of two increasing functions such that if 
x € [a,b], f(a) = V(a,x) — (V(a, x) — f(x)) where V is the total variation func- 
tion. 


Lesbeque Differentiation Theorem of monotone functions(4] implies that f is the 
difference of two differentiable almost every where functions which means f is 
also differentiable almost every where. 

Moving to a more general step, let’s assume only m = 1 and n is arbitrary: 


For some v € R” such that |v| = 1 we define: 


Do(F(2)) = lim sup f(e+ — f(z) 
D,,(f(x)) = lim inf fut tw) — f(z) 


A, = {a : Dy(f(x)) does not exists} = {a : D,(f(z)) < Dy(f(xz))} 


because D,(f(x)) are Borel functions then also A, is a Borel set. 
For fixed v,x we can define the following function: 


fe(t)=f(e@+tv): ROR 


It is obvious that f,(t) is a Borel function due to its continuity. 
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It is obvious that it is the case where n,m = 1, so f,(t) is £ differentiable almost 
everywhere. 


Second Step: 


p 


—— 
f(a +tu+ov) — f(a+tv) 
f(t) = lim = 


6-0 6 


So we are differentiating for the variable «+ tv which is a line parallel to v, thus 
we have : 


Anh) =A Ae) 0 
Where L is any line parallel to v and L, is any line parallel to the horizontal 
coordinate i 


Using Fubini’s Theorem!!! 


H(A) = 24) =27A) =f faa= if etdAint)=0 
Rr-l R Rr-1 
so D,(f(a)) exists £” almost everywhere. 


We define grad(f) = (fx,,; fo, ---) fx,,) such that f,, is Dx,(f(x)) and 11, 2, ...,2n 
are the coordinates of R”. 


Third step: We can not say directly that D,(f) = v- grad(f) as we wish, 
because we know nothing about the existence of total derivative. 

Let’s assume @ : R” — R any function € CS°(R"), by simple changing of 
variables we have: 


- t Be t 


If we put t = i we will have the following sequence: 


oe(e) = 2+ b)= fo 


k 


As f is lipschitz, |gx| < lip(f) and gx — Dy(f), we can now apply the Dominated 
Convergence Theorem: 


DAf(x))e(@) =— | Do(O(a)) fF) 


Rr R" 
We have directly D,(¢(x)) = v- grad($(x)) = Ty, vidi(x) 


23 


= foe) |S ence] a 
So we get D,(f(x)) = v- grad(f(x)) £"-almost everywhere which we expected. 
Fourth step: Let (v1, v2,...) be a countable dense set of 0B(0; 1). 
Let A, = {a : Dy, (f(x)), grad(f(x)) exists and Dy, (f(x)) = un-grad(f(x))} 
We know £"(R" — A;,) = 0 for each k 
Therefore, we have £"(.R" — MP2, Ax) = 0 
Let A= NP, Ax 
Let: 


Qla,0,1) = FET) 9. grad f(a) 


such that « € A ,t#0 and v be any vector € 0B(0;1). 


f(a + tv) — f(a + ter) 


|Q(x, v,t) — Q(x, vz, t)| < t 


+ |(v — vg )grad(f(x))| 
< |v — vel + |v — val [V7 lip(f)| = |v — vel(1 + vn lep(f)I) 
So |Q(a, vg, t) — Q(x, v,t)| > 0 as up > v 


For some t < 6 it is obvious that |Q(a, vx, t)| < € and we have the following: 


|Q(x,v,t)| < |Q(z, v, t) — Q(x, ve, t)| + |Q(x, ve, t)| < e+ € = 2e 


For large k. 


So we get for all |v| = 1 such a € A: 


=v-grad(f(x)) 


Let v = toa t = ly —a|, where y > x , we get: 
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tim |£@) = f(@) = y= 2) - grad f(@)) 


yor Y—-z 


=0 


For m > 1, we use the coordinates function f(x) = (fi(x), fo(x),.--, fm(x)) 
a 


6 Area Formula 


6.1. Area Formula for Linear Maps 
We denote for any function |Jf| = det(S) for the polar decomposition!) for 
Df(#)=Px*S 


Proposition 18. For a Linear Map T: R” > R™, for every E © R” we have: 
A"(T(E)) = |JT| £"(E) 
where JT is the matrix representing T 
Proof. We will show it by two steps : 
First step: showing H”(T(£)) = oR o"(E) 


Then showing |JT| = ames 


where B = B(0;1) 


A” (T(B)) 
If 2 (B) 


= 0, then we get: 
rH" (T(B)) = H"(rT(B)) = H"(T(rB)) = A" (T(B,)) = 0 
where B, = B(0;r) 


Let r > co then H”"(T(R”)) = 0, which means also H"(T(E)) = 0 for 
ECR" 
Assume Sa >0 


Let v(£) = H"(T(E)) is a radon measure Since T is injective and continuous, 
so the dim T(R”) = n and it sends every compact set into a compact set. 


o(Bla;r)) = H"(T(Bla;r))) = A" (Ta + B)) = A" (T(x) + T(B;)) 
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= H"(T(B,)) =r" A" (7(B)) =r” L£"(B 
(1(Br)) =r (7(B)) = 1" en(By (B) 
A" (T(B)) A" (T(B)) 
= ——____ £"(B,) = £2" (B(a; 
aray 2B) = aecpy SBN) 
er is a constant, so we have Denv = eee 
By Lebesgue-Besicovitch differentiation theorem!!] we get : 
A"(T(B)) 
E)= LE 
vB) = arg eB) 


For EC R” is £"-measurable, but v, £” are radon measures, so it is true for all 
ECR” 


Second step: to prove |JT| = eer 


From the recent relation we have: 


A"(T(Q)) _ v(Q) _ H"(7(B)) 


oQ)  £(Q) £*(B) 
Where Q is the Cube with side length equal to 1 


from Linear Algebra, we know that there is a decomposition T = P * S such 
that P € O(n,m) orthogonal map and S € sym(n,n) symmetric map. 


£"(Q) = H"(Q) = 1 obviously (As Q € R”) 
A" (P * S(Q)) 


£"(Q) 
P, P* are two Lipschitz with lip(P) = lip(P*) = 1, so we have: 


= H"(P *S(Q)) 


H"(P * 5(Q)) < H"(5(Q)) = H"(P* * P S(Q)) < H"(P* 5(Q)) 


So 
A” (P * S(Q)) = H"(S(Q)) 
S has an orthogonal basis {x1,22,--: , 2} such that S(a;) = \4a; 
Assume the cube Q = [-5> zy" for the Cartesian regular coordinates replaced 


by that orthogonal basis coordinates. 
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A” (S(Q)) = A1Ag+++ An = det(S) = |JT| 


So the proof is done. 


6.2 Linearization Of Lipschitz Functions 


Proposition 19. Jf f : R” — R™ such that 1 <n <™m is Lipschitz function 
and B={a: Df exists and0 < Jf < co} then there exists a countable collec- 
tion of borel sets {E;}2, such that: 


B=U, & and f|z, is one to one 


Also for every t > 1 there exist for each k and invertible linear map Ty such 
that for x,y € Ex, andv € R”: 


ti (w) — Te(y)l < |F(e) — FW)| < tITe(y) - Te(@)| 
tT (v)| < [DF (2) - (v)| < tTe(0)) 


t"|J(Ti)| < lI F(a)| < I(T) | 
Proof. First step: Let C' be a countable dense subset of B, and S' be count- 
able dense subset of symmetric automorphisms of R”, and € is small such that 
ttte<1l<t-—e 


Let for each c € C, T € S, E(c,T,i) be the set of all b € BN B(c; +) such 
that: 


(t* +6)|To| < |D(F(b)) -o] < (t-©)|Tr] (*) 


For all v € R”, and also satisfying: 


|f(a) — f(0) — D(F(b)) - (a— 8) S |T(a— b)|_ (#*) 
For all a € B(b; 2) 


It is straight forward that E(c,T,7) is a borel measurable set as it depends on 
the above equations. 


From (**), we have: 


—elT(a— 6) < |F(@) — FO) — |D(F()) - (a@— b)| < e[T(a— b)| (# * *) 
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Put vu = (a — b) in («), we get: 


(#1 +.6)|T(a— b)| <|D(F()) -(a—D)| < (t-IT(a—b)| (#** *) 


Combining (* * *), (« * **) we get: 


t"|T(a) — T(b)| < |f(a) — F(B)| < tT (a) — T(b)| 


That proves f(a) # f(b) for a Z b, as |T(a — b)| > O from (*) or the Jf will 
equal 0. 


To get the last inequality, let’s work with (x): 


(t-* + )|v] < |D(F@))- Tr] < E-olv] () 
So D(f(b))T~! is a Lipschitz function: 


H" (D(f(b))T~* (B(0;1))) < (- 6)" H"(B(0;1)) = (t—)” 
From Proposition 9. we have: 
AH" (D(f(b))T~*(B(O;1))) = J(D(F(0))T-")£"(BO; 1) = JF (0) I(T") 
So we get: 


If(b) < (t- 6)" I(Z) 


The other side of the inequality is proven by the same steps, so we get: 


(t-* +)"|J(T)| < |JFO)| < (E- €)"|(T)| 
It is obvious that t~1 + ¢€ >t! , (t—€) <t, we then get: 


t~*|T(v)| < |Df() - (v)| < tT (r)| 
t"|F(L)| < [J F(b)| < PF (T)| 
Second Step: to prove every x € B is in some E(c,T, 7?) 
Let |Df(x)-v| = |P,S2v| = |Sz0| 
Because S$ is dense, there exist T,, € S such that: 


for n > No 


we get: 
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|SeTr I] < 1+ (ITA) 
\|TrSz*|] < 1+ |Sz*|1(6) 
But does the sequence {T;,1} is bounded? 


We have 6 < [Sell for some large n 


7.) > Eel! 
2 
1 2 
ee ee 
al 


|| Sz| 
t 


So {T,} is bounded, we can now return to the main inequalities: 


2 
|S2Tp || < 14+ |IT7"|1(6) < 1+ 6 —— 


|| S| 
ITnSz “I $14 |1SZ 711) 
For very small 6, we can say: 
\|SeTr|| <146-—2— <(t-6) 
|| S| 


\ITnSz IS 1+ [Sz "116) < EE +e)™ 
Put x = b, we get the first desired inequality: 
(t* + €)|Trol < |D(F(8)) - al < (t- 6)[Tnv| 


The second inequality is easier than the previous: 
for such |a — b| < 2 


(Ja — 6)) |a — 8] |Tr(a — 6)| 


F(a) ~ £0) DEF) (a—0)| < o(|a—B)))a—b] = “A 


= 0(|a—b]) |a—b| |Z," (a—b)| (\Tn(a—b)]) < o(|a—b]) Ja—b)? ||Ty "|| ([Zn(a—2)|) 


For some i we can say € > o(|a — b|) ja — b/? ||" || 


|f(a) — f(b) — D(F(b)) - (@— b)| < €|Tn(a — b)| 
So be E(c, Ty, 2) 
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6.3. Proof Of The Formula 


Proposition 20. If f: R° > R™ is a Lipschitz function such that 1 <n <™m, 
for such a £"- measurable set A we have: 


e f(A) is a H”- measurable set 


e If f 1s injective, then: 
[ l3F@lae = Bray) 
e for any Lipschitz function: 


i, |Tf(«)|de = i: H({An f-}(y)})dH"(y) 
A Rm 


Proof. First, assume A is bounded without loss of generality. 


Since A is a £”- measurable set, there exist compact sets! {Ki : Ki; C ASS, 
such that: 


£(A-(U Ki)) = H"(A- (U Kj)) = 


1 
As f is continuous, each f(K;) is also compact. 


- User \<Ha"(f ~(U) )) < lip(f)"H"(A -(U) = 
So (f(A) — U2, f(Ki)) is H"- measurable 


We get that (f(A) — U2, f(4i)) UU, f(4i)) = f(A) is measurable. 


We will divide the remaining of the proof into two steps. 


1. In case of |J f(x)| > 0 for x € A: 


We use Proposition 10., there exists a countable collection of borel sets 
{E;}%, satisfying the canalinies. in Proposition 10. 


without loss of generality, We can assume they are disjoint sets: 


[ 31 @)lae = y I lyFla)lde 
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[ viola ses) f de = erry) 
E; E; 


rH (T(E) 
£" (Ei) 


£" (Ej) =H" (T(E;)) = tH" (TL * fo! * f(E,)) 
<0" H"(f(Ei)) 
Similarly we get: 
rene) < f \dsalde 
As t > 1 we get: 


[ \ate)lae = (FED) 


summing over all E;, we get the formula: 


I |Tf(«)|dx = H"(f(A)) 


For a function which is not injective, we first restrict f—! to E; as it is 
injective on these sets : 


i Ws) 


The next equality is straight forward: 


pdx = H"(f 


B, (Ei) = f tne wae 


H({AN f*(y)}) = 2 1 pp, (Bi) (Y) 


I Fade = > i Wie)lade = 3 9 I ple, cy ya” 


Using the Monotone Convergence Theorem; 


i. Tf (a) |de = I 3 tia elu" = ie H({An f-(y)})dH” 
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2. in case of | J f(x)| = 0 for x € A: 
Let EF = {x:|Jf(x)| = 0} 


From Rademacher’s Theorem, our function here is differentiable H”- al- 
most everywhere, so without loss of generality we assume f is differentiable 
on all EF. 


For « € E and |u| < 6. 


|f(@ +0) — f(x) + Df(a)o| < ¢v| 


We know that 6 does not depend on the direction of v, So for r < 4(x, €) 
we have: 


f(Bl@ir)) C f(a) + (DF(@) + ©) (Br) 
Define [,(A) = {x € R™ : dist(x, A) < e} 


We can rewrite our formula: 


F(B'(a;r)) C f(@) + Ter(DF(@) By) 
We have Df (x) Br Cc Bip Df (x)(R") 


As Jf =0, let k = dim(Df(x)(R")) <n-1 


We define a k— dimensional disk in R™ D, = {(z,y) © RE x R™*: 
lz] < s,y =O} 


Df (x) BP C Drip pyr = Brio pyr O Df (a)(R") is a k— dimensional disk. 


Then 


F(B"(ayr)) C f(x) + rle(Diipisy) 
B™—*(0;€) covers all y such that (z,y) € Le(Drip(fy) 
Let lip(f) +e = 


The k— dimensional part z of I-(Dyip( yr) can be covered by cube [—s, s] x 
[—s,s] x --- x [-s, 5]. 
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Figure 3: 


We can partition this cube into smaller equal cube [-C~*es, C~* es] x 
[—C~ kes, C—1es] x --- x [-C7 kes, C~ kes] and its translations , the num- 
ber of these cubes = te s__\k — Ce-* such that Ce~* is integer 


€s 


Now, each cube can be contained in some translation of a ball B(x; /kC™ kes) 
(Figure 1 above gives an illustration). 


So I-(Dyip(f)) can be covered by the translations {F;} of K = B(x; VEC kes) x 
B™~-*(0; 6), and the number of them = C(e)~* 


diam(K)? = diam(B™—* (0; 5))? + diam( B(x; VkC™ ¥ es))? 


= 4e?(1 + kC~ #8?) 


Then we get : 


So we get: 


A" (f(B"(a;r))) S AX Ler(Dupipyr)) < E(n, lip(f))er™ 


Given R > 0 we have the set: 
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F={B"(a;r):7€ EN Br,O <r < d(a,6)} 


of balls whose set of centres is bounded, so we can apply Besicovitch’s 
Covering Theorem!) such that there exist subfamilies {pee of F and 
each one of them is countable and disjoint. 


So ase > 0,42, (f(EN Br)) =0 


It implies directly that H?,(f(E£)) = 0 
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